Bias Variance Outline

Alan T. Arnholt

Department of Mathematical Sciences
Appalachian State University

January 30, 2017

Alan T. Arnholt Bias Variance Outline


https://alanarnholt.github.io
http://mathsci.appstate.edu
http://appstate.edu
https://alanarnholt.github.io

Average Prediction Error at z

Firain [(yo — fg(l’o))z} =024 [Bias (fé(wo))} 2 + Var (fﬁ(a;o))

2
The notation Elyain [(yo - fﬁ(xo)) } defines the expected test

MSE, and refers to the average test MSE that we would obtain if
we repeatedly estimated f using a large number of training sets,
and tested each at zy. The overall expected test MSE can be

2
computed by averaging Ejyain {(yo - f@(xo)) ] over all possible
values of xg in the test set.

Alan T. Arnholt Bias Variance Outline


https://alanarnholt.github.io

Derivation

Buain | (10 = £300))°| = Brea | (00~ filz0)) + (Fotao) — F(o0))’]
Note that

E[(a+b)?] = B |a® + 2ab + ?
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Derivation Continued

Erain {(yo - f5($0))2] + 2Elrain [(yo — fs(z0)) (fa(20) — fg(wo))]

4 Bin [(fﬁ(xo) - fB(xO))Z}
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Bullet

Consider shortening the notation for the middle term:

2Euwain | (u0 — £5(20)) (£3(x0) — F5(z0))| =2 [(— £)(f - f)]

Note that y — f = € and that E(e) = 0 so the middle term is 0 and
we are left with the first and third terms.
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First and Third Terms

Elw-n?+E[(-F]
Note that:
> Ef(y—f)?] = E (e - B(e))?] = 0?
> E [(f_f)Q] = MSE(f).
- msE() = B[ - 7] = B[~ D+ 7 D)
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MSE

Using the same trick as before...the middle term drops out!

|((¢-0+ G- )| =E[r- P+ B[~ 7]

— — N —

Thatis2E[(f—f)(f—f)]ZOSinceE[f—f} =f-f=0.
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More

> MSE(f) = B [(f - 2|+ B [(f - /)?]
> MSE(f) = [Bias(f)] "+ Var ]

So,

Etrain [(yo - f@(ﬂ«"o))? =0’ + [Bias (f/;(wo))r + Var (f@(xo))
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